These results are then applied to the case of multiple objective fractional linear problems. A dual problem is given for the multiple objective fractional problem and it is shown that for a properly efficient primal solution the dual solution is also properly efficient.
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T. Weir shown that the dual solutions are properly efficient.
Efficiency and proper efficiency
Consider the multiple objective optimization problem (P) 'maximize' F (x) subject to h(x) > o .
n k
where X is an open convex subset of R and where F : X •*• R and h : X •*• K are real vector valued functions. This is the problem of finding the set of efficient or Pareto [7] optimal points for (P) : x is said to be efficient if it is feasible for (P) and there exists no other feasible point x for such that F(x) > F{x ) and F(x) f F{x ) .
o o
The notion of proper efficiency introduced by Kuhn and Tucker [3] is a restriction of efficiency that allows only points x such that there is no solution to
(1) 
Similarly for a l l j f i , (1) and the pseudoconvexity of F. at x
Similarly, for all j S J and for t £ [o,l] (6) , (7) and (8) (6) , (7) and (8) Consider the problem
Here 
THEOREM 4. For the -problem (FP), if the Kuhn-Tucker constraint qualification holds at x 3 there exists (X,y) such that (6), (7) and (8) are satisfied if and only if x e PE(G) .
Proof. (=>) Let x be any feasible point for (FP) . 
Thus, from (6),
concavity assumptions imply that each $. , i = 1,2,...,k is concave and
global maximizer for the problem
The Comprehensive Theorem of Geoffrion [2] then shows that z = x Q is an element of PE{G) for the problem 
Proof. (=»)
The proof of Theorem 4 shows that if (6), (7) and (8) are satisfied then x € PE{G) ; thus from [2] , assuming the Kuhn-Tucker constraint qualification, x £ PE{KT) . 
o (*=) T h i s i s g i v e n i n ( [ 3 ] , T h e o r e m 4 ) . D COROLLARY 6. Under the assumptions of either Theorems 4 or 5 PE{G) = PE{KT) for the problem (FP).

U % Is
Since each F. is pseudoconvex on X , Lemma 3 and Theorem 4 imply THEOREM
7.x is an efficient solution for (LFP) if and only if X Q e PE(G) for (LFP). a
Similarly we have
THEOREM 8. x is an efficient solution for (LFP) if and only if X Q G PE(KT) for (LFP). °T
he result in Theorem 7 was first given by Choo [J] . However, there, only proper efficiency as defined by Geoffrion was considered.
COROLLARY 9. For problem (LFP), E = PE{G) = PE{KT) . a
at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S0004972700010303
Duality
The scalar valued fractional programming problem may be expressed In this section we define a concept of duality for the multiple objective problem and establish a duality theorem for (FP) giving multiple objective analogs of the duality results for (F) and (D). Here proper efficiency will be taken to be that defined by Geoffrion [2] .
Given a problem (P°) 'maximize' IJJ(X) subject to x £ S where ip : R n -»• R k and S C R" , the problem (D°) 'minimize' <\>ix) subject to x 6 T where < j > : R* ->-R k and T C R l will be called a dual for (P°) if (i) (Weak Duality). Whenever x is feasible for (P°) and u feasible for (D°)
(ii) (Strong Duality). If (P ) has a properly efficient point x then (D°) has a properly efficient point u and ip (x ) = d> [u ) .
The above concept of duality was defined in [9] and there an analog of Wolfe's [10] duality theorem for convex multiple objective problems was given. However, it was pointed out, that, for nonconvex problems, a at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S0004972700010303
T. Weir dual solution corresponding to a properly efficient primal solution could not be guaranteed to be properly efficient. For a dual problem to be defined for (FP) below i t will be shown that the dual solutions are properly efficient.
In relation to (FP) consider the problem
THEOREM 10 (Weak Duality). Let x be feasible for (FP) and (u,y,X) feasible for (FD). Then F{x) ? F(u) .
Proof. Suppose to the contrary that there is an a; feasible for 
